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Energy Dissipation in an Oscillating
Spherical Annulns Filled with

a Viscous Fluid

H. F. KORMAN* AND L. R. KoVALf
TRW Systems Group, Redondo Beach, Calif.

Introduction

Numerous occasions arise for which it is desirable to know
the energy dissipated in an oscillating sphere filled with

a viscous fluid. As discussed in Ref. 1, examples are the use
of viscous dampers for damping the oscillations of a long
flexible beam and for restricting the coupled two-body motion
of two satellites connected by a long structure. A promising
modification of the fluid-filled sphere concept arose out of the
study of viscous dampers for spacecraft presented in Ref. 2.
This concept consisted of placing a smaller sphere inside the
main sphere, resulting in a spherical annulus filled with a
viscous fluid. To analyze this configuration, it is necessary
to calculate the energy dissipated in the fluid when the outer
sphere is harmonically oscillating and the inner sphere is
motionless. The following is a description of this calculation
and a discussion of the results.

Formulation of the Problem

To compute the dissipation in the spherical annulus, the
fluid motion induced in a viscous fluid lying between two con-
centric spheres of inner radius b and outer radius a is ex-
amined. The annulus is subjected to harmonic oscillations
of the outer sphere about one of its diameters with the inner
sphere motionless. For these conditions it is necessary to
consider secondary flow effects and possible flow instabilities.3
An analytical treatment might well require the type of ex-
pansions referred to in Ref. 4. Nevertheless, the good agree-
ment between theory and experiment presented in Ref. 1
suggests that the same analytical approach for the oscillating
annulus is worthy of pursuit. In view of the Ref. 4 comments
the outer sphere oscillation amplitude 120 will be restricted to
be much less than the oscillation frequency p.

Thus the approximation shall be made that the only fluid
velocity present is in the direction of increasing azimutha
angle 0. The spherical geometry is shown in Fig. 1. Ac^
cordingly, vr = V0 = dP/d$ = 0 and v^ — \fs(r,6,t) (whre v-

cospt

Fig. 1 Coordinate geometry.
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is the ith velocity component and P is the pressure). The
Navier-Stokes equation of \f/ is5

1
bt r* dr dr

,
"*" r2 sin0 d0 r2 sin20J

(1)
where \f/ is the fluid velocity component in the direction of in-
creasing <f> and v is the kinematic viscosity. The appro-
priate boundary conditions are

sin0 cospt', = 0 (2)

Solution of the Boundary Value Problem

The solution of Eq. (1) and (2) can be obtained using La-
place transformation, as was done in Ref. 1. Writing \//(r,6,s)
for the transform of \f/(r,6,t), s being the transformation
variable, it is shown in Ref. 1 that \l/ is given by

1 = 1
(3)

where jt(z) are the spherical Bessel functions of the first kind,6
ni(z) are the spherical Bessel functions of the second kind, Pi1

(cos0) the associated Legendre polynomials,7 and wr =
(—s/v)ll2r. The constants AI and Bt are determined from
the transform of the boundary conditions.

Since Pi^cosfl) = — sin0, and the P^(cos0) are orthogonal
functions, it is easily shown that

i = Bl = 0 for 1
and

where

Bl =

q(rtb) = j
Wa = (-s

+ p2)-lji(wb)/q(a,b)

b) - ni(wr)ji(wb)

Wb = (-s/v)U*b

Hence,

$(r,B,s) =
The inverse transform is given by

sin0

ATTl

(4)

(5)
(6)

(7)

(8)

(9)

(10)

It can be shown that the integrand for Eq. (10) contains no
branch points. Hence the integration can be performed using
Cauchy's integral theorem, and the method of residues. Since
the zeros of q(a,b) only give rise to the transient response of
the damper and since only the asymptotic motions are of
interest, the poles at s = ±ip need only be considered. Pro-
ceedings in the standard fashion,

t(r,B,t) = afi0 sine Re[e^q(Kr,Kb)/q(Ka,Kb)] (11)

where

K = i(ip/v)"* (12)

Dissipation of Energy

In spherical coordinates for the annular region, the rate of
energy dissipation E is given by5

(r ^6 ~

where ju is the dynamic viscosity. The second term in the
integrand vanishes because \f/ varies with sin0. The energy
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dissipated over one cycle, A#, is:
2T/p

r2 smBdedrdt (14)
Upon substituting Eq. (11) into Eq. (14), it can be shown8

(after a straight-forward but laborious integration) that Eq.
(14) becomes

AE = 64:irzQlQ2a*J/p(2p/v)ll2x4\D\z (15)
where

1 - 61-
*,, , ^2 ~ V~

: (2 — x) — cosh(2 — x) it cos (2 — x)
: (z — x) = sinh(2 — x) db sin(2 — x)

(z — x)2 + 2 \ cosh(2 — x) -

(16)

(17)
(18)

(z — x)(xz — 2) sinh(2 — a;) —

- (« - *)2 + 2] COS(2 - 05) -

(z - x)(xz + 2) sin(z -3) (19)

with 2 = a(2p»1/2 = x/Z, and* = b/a.
A nondimensional normalized energy dissipation per cycle,

E(y}l), can be formed by dividing &E by -|7rp/a3 and by
!Va2, where p/ is the damping fluid density. If the Reynold's
number parameter, 7 = pa?/v = 22/2, and a reference mass
(which is the mass of the fluid which would fill the entire
sphere with the inner sphere removed), Mh — fvrp/a3, are in-
troduced

E(y,l) = = 487r//(2)1/V/V|Z>|2 (20)

Discussion

The variation of E with 7 and I is shown in Fig. 2. It can
be seen that large values of E result for small values of 7 and
values of I close to unity. Large values of 7 result in E ap-
proaching zero, while small values of I result in a limiting
curve. This limiting curve corresponds to Fig. 2 of Ref. 1,
which is for the outer sphere completely filled with fluid.
These various limiting cases can be investigated individually.

Equation (20) can be simplified in the limit as I -* 1 for
fixed 7. The resulting form is

lim E = ,. X
 7. (21)

It can be shown8 that this is equivalent to a velocity profile
which is linear in r. E is large for a value of 7 of order one
and I very close to unity. The curves in Fig. 2 for I = 0.9999,
0.999 and 0.99 obey Eq. (21), along with portions of the other
curves. Hence for the small gap case, i.e., I -> 1, Eq. (21) is
quite adequate for calculating E.

The large value of E for small 7 can also be explained
physically. Only the viscosity ju and the frequency p affect
E without changing its normalizing factor. Large ju results
in a small 7. A fluid which is very viscous requires a large
energy input to move it. Hence a large viscosity results in a
large energy dissipation. Small p results in a small 7. A
low frequency corresponds to a long oscillation period. Hence
a very small frequency requires the outer sphere to be moving
for a long time and large energy input for one cycle.
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Fig. 2 The normalized energy dissipation in one cycle.

The result that E becomes small as 7 becomes large is to be
expected on physical grounds. A small viscosity ju results in
very little fluid motion except near the outer sphere, and
hence a small amount of energy is dissipated. A very large
frequency p, has the outer sphere oscillating so rapidly that
the bulk of the fluid only sees the average velocity of the
outer sphere, which is zero. Since very little motion is im-
parted to the fluid, the energy dissipation is very small.

The equation for the limiting curve for small I can be deter-
mined from Eq. (20). The result is

limE =

where

-- l2C~(z)] (22)

DEN = 2C~(z) (23)

Eq. (31) of Ref. 1 describes the limiting curve in terms of a
doubly infinite series

\4DEN
[(-1)™_____ _____

(m - l)!(n - l)!(2m + 2n + 3)F(m + 5/2) F(n + 5/2)
(24)

Equating the right sides of Eqs. (22) and (24) will yield the
sum of the doubly infinite series in Eq. (24). This is a rather
interesting byproduct of the present analysis.

A general comment should be made about the behavior of
E(y,l). It is always determined by a tradeoff between
Reynold's number effects and inner sphere effects. The as-
sumption of an inertially fixed inner sphere in the analysis
vitally affects the low 7 and I -> 1 results of E becoming very
large.
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Stiffness Analysis Using Multi global
Axes System

FRED W. BEAUFAIT*
Vanderbilt University, Nashville, Tenn.

Introduction

THE analysis of a structural system by the stiffness method
can be achieved from the set of dependent equations

[S.HA.1 = [JLC] + [Re] (D
which describe the static equilibrium of the numerous joints
within the structure: [Sc] is the complete structure stiffness
matrix, [Ac] is the complete joint displacement matrix, [JLC]
is the complete joint load matrix and [Rc] is the complete sup-
port reaction matrix. This matrix equation [Eq. (1)] yields
the set of independent equations

= [JLu] (2)

AXIS OF REVOLUTION

TYPICAL SUPPORT
DISPLACEMENTS

TYPICAL SUPPORT REACTIONS

Fig. 1 Rigid framed dome.
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which can be solved to evaluate the unrestrained components
of joint displacement of the structure for specified loading
conditions, and

[fir] = - [JLr] (3)

which can be used to evaluate the support reactions of the
structure. In Eqs. (2) and (3), [Suu] is the matrix of struc-
ture stiffness coefficients corresponding to the unrestrained
components of joint displacement of the actual structure re-
sulting from unit values of each of these components of joint
displacements applied to the restrained structure; [Sru] is the
matrix of structure stiffness coefficients corresponding to re-
strained components of joint displacement of the actual struc-
ture resulting from unit values of unrestrained components of
joint displacements of the actual structure applied to the re-
strained structure; [AM] is the matrix of unrestrained inde-
pendent components of joint displacement; [JLU] and [JLr]
are the matrices of joint loads corresponding to the unre-
strained and restrained components of joint displacement, re-
spectively; and [Rr] is the matrix of the components of sup-
port reactions. The derivation and application of Eqs. (1-3)
for the analysis of a structural system can be found in Refs.
1-3 and will not be discussed herein.

It has been general practice when developing the various
matrices of Eq. (1) to describe all of the components of joint
displacement, joint load and support reaction with respect to
a single set of coordinate rxes, i.e., the global or reference axes.
Consequently, in order to maintain the continuity of Eq. (1)
the structure stiffness coefficients which make up the matrix
[Sc] must be evaluated with respect to this set of reference
axes; this means that the element stiffness coefficients which
relate the end actions and the end displacements of an indi-
vidual element, must be defined with respect to this single set
of reference axes. Unfortunately, there are instances where
it is either impossible or impractical to develop the set of inde-
pendent joint equilibrium equations of Eq. (2) with respect to
a single set of reference axes. Consider, for example, the rigid
framed dome structure of Fig. 1. If it were supported at each
joint of the lower ring such that the joints were free to trans-
late radially in the plane of the ring (5r) and rotate about an
axis in the plane of the ring perpendicular to the radius of the
ring at the joint (0«), it would be most difficult to describe the
components of displacement of all of the boundary joints with
respect to a single set of rectangular Cartesian coordinate axes

a) Local Axes

Fig. 2 Identifi-
cation of axes and
end actions or
displacements for

beam element.

b) Multi-Global Axes


